In "The Origin of Species", Darwin describes a hypothetical example illustrating that large, slowly reproducing mammals such as the elephant can reach very large numbers if population growth is not affected by regulating factors. The elephant example has since been cited in various forms in a wide variety of books, ranging from educational material to encyclopedias. However, Darwin's text was changed over the six editions of the book, although some errors in the mathematics persisted throughout. In addition, full details of the problem remained hidden in his correspondence with readers of the Origin. As a result, Darwin's example is very often misinterpreted, misunderstood or presented as if it were a fact. We show that the population growth of Darwin's elephant population can be modeled by the Leslie matrix method, which we generalize here to males as well. Darwin's most often cited figure, about 19 million elephants after 750 years is not a typical outcome, actually a very unlikely result under more realistic, although still hypothetical situations. We provide a recursion formula suggesting that Darwin's original model corresponds to a tribonacci series, a proof showing that sex ratio is constant over all age classes, and a derivation of a generating function of the sequence.
Introduction
One of the main pillars supporting Charles Robert Darwin's theory of natural selection (Darwin 1859 (Darwin -1872 is the principle of rapid growth: populations of self-reproducing organisms can increase in size in an exponential function of time unless affected by regulating factors (Pásztor et al. 2016) . As is well known, Darwin was indebted to his reading of the sixth edition of Thomas Robert Malthus's Essay on the Principle of Population, which he had read in 1838, for this insight 1 . In that essay, Malthus had argued that population growth increased exponentially in the context of resources that could, at best, increase only in a linear fashion 2 . Central to Darwin's theory is the statement in "The struggle for existence", the third chapter of Origin: "There is no exception to the rule that every organic being naturally increases at so high a rate, that if not destroyed, the earth would soon be covered by the progeny of a single pair" (Darwin 1859, p. 64) . As an illustration of the growing potential of biological populations, Darwin then refers to Linnaeus' work. The great Swedish naturalist was apparently the first who played with this idea when attempting to explain how the Earth was populated starting from -as he believed -the single initial pair of each sexual species (Egerton 2012, p. 82) . His hypothetical case was an annual plant with only two seeds produced per year. Darwin clearly felt, however, that a more convincing and vivid example was also needed to make his arguments even stronger. He chose "the slowest breeder of all animals" and the largest terrestrial mammal, the elephant, and explained briefly that the number of descendants from a single pair would be about fifteen million at the end of the fifth century. In the sixth edition of the book, Darwin (1872, p. 51 ) modified these figures by saying that "after a period of from 740 to 750 years there would be nearly nineteen million elephants alive".
Given the extreme importance of the Origin in the history of biological sciences, the elephant example has received numerous mentions in books, scientific papers and educational material, but little mathematical analysis. In most cases, Darwin's numbers borrowed from either edition were taken as granted, and the elephant example was cited without explaining the circumstances under which the calculations would be arithmetically correct. There are only a 1 In his autobiography written in 1876, Darwin wrote: "Here, then, I had at last got a theory by which to work; but I was so anxious to avoid prejudice, that I determined not for some time to write even the briefest sketch of it" (see Barlow 1958 , p. 120, van Wyhe 2002 . 2 Although the majority of historians of science have recognised the significance of Malthus to Darwin's theory of natural selection, they have tended to focus on how his reading of Malthus sat in his relation to his understanding of animal breeding and artificial selection. Indeed, much has been written on both the exact timing of Darwin's reading of Malthus and thus the precise part that this played in the development of his theory of Natural Selection (Hale 2016). However, in making this their focus, they had given too much credence to the key example that Darwin gave to illustrate the power of population growth.
few sources which provide some comments on the matter and, to our knowledge, just one book (Burton 1998, pp. 206-208 ) that includes a detailed derivation. We feel that we now have the necessary tools to redo the calculations at the highest accuracy and to clarify the misunderstandings that still prevail in the contemporary literature concerning the elephant example. This paper was thus written with three main objectives in mind: 1) to place the elephant example in a historical context and to show the points in which Darwin's presentation of the example was insufficient, 2) to examine the elephant example by elaborated mathematical methods and computer simulation, and 3) to describe situations in which Darwin's numbers are more or less correct. Additionally, for Darwin's original model we derived a recursion formula suggesting that it is in fact a tribonacci series, a proof showing that sex ratio is constant over all age classes, and a derivation of a generating function of the sequence.
A brief history of the elephant example
The original -and long -manuscript from which the published version of the Origin was extracted (widely known as "Natural Selection", Stauffer 1975) includes the following passage as the first occurrence of the elephant example in Darwin's works:
"The elephant is supposed not to breed till <20> perhaps 30 years old; its length of life is not known, but as one of unknown age when taken lived according to Dr. Falconer 120 years, I think it will not be an exaggerated statement to take <80> 90 years as the possible duration of life & that each pair produces <four> three pair of young: in this case from one pair there will be at the end of 500 years 5,111,514 elephants alive: or if we assume that the pair produced eight young there would be above fifteen millions alive."
(Bracketed numbers are cancelled in the text.) Unfortunately, Darwin gave no clues as to the accurate derivation of these figures. In 1858-59, when he was alerted to the existence of Wallace's manuscript in which Wallace had outlined an explanation of speciation that was very similar to his own, Darwin had rushed to bring his manuscript into publishable form. As Stauffer (1975, p. 1) put it, the Origin is therefore "only an abstract of the manuscript Darwin had originally intended to complete and publish as the formal presentation of his views on evolution". The first printed version of the elephant example illustrates Darwin's haste:
"it will be under the mark to assume that it [the elephant] breeds when thirty years old, and goes on breeding till ninety years old, bringing forth three pair of young in this interval; if this be so, at the end of the fifth century there would be alive fifteen million elephants, descended from the first pair" (Darwin 1959, p. 64) . The text is shortened and, as a consequence, it is likely that Darwin inadvertendly confused and combined his two previous examples: after giving the starting condition of the first (three pairs) he copied the results (fifteen millions) for the second (four pairs) (Barrett 1977, p. II/158) 3 .
In the subsequent four editions of the Origin, this sentence did not change essentially, for example, "it will be under the mark" was replaced by "it will be safest" in the fifth edition (Darwin 1869, p. 75) . The error remained unnoticed until 1869, when at least three letters from readers of the book caused him to revisit his calculations. His response dated "Caerdeon, Barmouth, June 7, 1869 " (in print: The Athenaeum, p. 82 in No. 2177 , 17 July, 1869 shows that there is clearly some ambiguity in the manner in which Darwin formulated the elephant example:
"I have received a letter from Germany on the increase of the elephant, in which a learned Professor arrives at a totally different result from that of Mr. Garbett, both of which differ from that of your Correspondent 'Ponderer."
Unfortunately, we did not find the letter from the German professor in the archives. Edward L. Garbett suggested there would be 2,400,000 elephants after 500 years and 50,000,000 after six hundred (van Wyhe 2002) . The third letter deserves reproduction almost in full:
"Perhaps some of your readers will be able to enlighten my dull intellect as to the process of reasoning by which this result is obtained. According to Mr. Darwin's theory, each pair brings forth a pair when it is thirty, when it is sixty, and when it is ninety. Hence if there be one pair in the first year, there will be one pair born in the thirtieth year; these two pairs will produce two pairs in the sixtieth year, and these four will produce four pairs in the ninetieth. After that we have only to add the numbers born in the three preceding periods to find out how many are born in each period; because after they have attained the age of ninety years they cease to breed. This method of reasoning gives the number of pairs born in each period of thirty years as 1, 1, 2, 4, 7, 13, 24, 44, 81, 149, 274, 504, 927, 1, 705, 3, 136, 5, 768, 10, 609, 19, 513 ; the last number being born in the period commencing with the five hundred and tenth year. will be the sum of the three numbers 1, 2, 4, i.e. 7. Henceforward, at each period, there will be sets of pairs, aged 30, 60, 90 respectively, which breed. These sets will consist of the pairs born at the three preceding periods respectively. Thus the number of pairs born at any period will be the sum of the three preceding numbers in the series, which gives the number of births at each period; and because the first three terms of this series are 1, 2, 4, therefore the series is 1, 2, 4, 7, 13, 24, 44, & c. These are the numbers given by 'Ponderer.' At any period, the whole number of pairs of elephants consists of the young elephants together with the three sets of parents; but since the sum of the three sets of parents is equal in number to the number of young ones, therefore the whole number of pairs is twice the number of young ones, and therefore the whole number of elephants at this period (and for ten years onwards) is four times the corresponding number in the series. In order to obtain the general term of the series, it is necessary to "…it will be safest to assume that it begins breeding when thirty years old, and goes on breeding till ninety years old, bringing forth six young in the interval, and surviving till one hundred years old; if this be so, after a period of from 740 to 750 years there would be nearly nineteen million elephants alive, descended from the first pair." (Darwin 1872, p. 51) . It is unfortunate that this edition, the last one handled by Darwin and the most often cited and translated, omits the initial conditions (calendar, when are the calves born) and releases the implicit sex ratio of 50:50% by replacing "three pair of young" with "six young" -the latter implying this ratio to lie anywhere from 1:5 to 5:1.
Current references to the elephant example
No surprise then that the literature is extremely heterogeneous in the manner in which the elephant example has been cited, presented and commented upon 5 . The 1859 version of this is mentioned even in fairly recent books, for example Delson et al. (2000, p. 255 ) who talk about "generation time of one offspring every ten years", which Darwin never said. Modern versions (renditions) may simply reprint the sentences from the first edition (Duzdevich 2014, p. 40) . Several authors cite the paragraph without comment on the veracity of the mathematics involved (Chapman and Reiss 1999 , p. 37, Sapp 2003 , p. 29, Francis 2007 , p. 142, Lyons 2011 , Garvey 2014 , p. 9, Hale 2014 , p. 50, Walsh 2015 . Sometimes, only fragments of 5 We do not refer here deliberately to many book reviews and other reflections that were published immediately after various editions of the Origin. We do not cite Lyell, either, who mentioned the elephant example in the Principles of Geology vol. II in 1883. Also, our literature overview is not meant to be complete -we hope that the subject matter is illuminated satisfactorily on the basis of references that were directly available to us.
the elephant example are extracted from the first edition mentioning only "fifteen million descendants after five centuries" (Eldredge 1985 , p. 35, Megarry 1995 , p. 33, Benz 2000 , p. 197, Gore and Pranjpe 2001 , p. 11, Richards 2000 , p. 13, Quammen 2006 , p. 188, Bashford 2014 , p. 38, Kingsland 1995 , p. 9, Koch 2014 Pandey (2010, p. 75) and Sutherland (2014) Relatively few authors have recognized the difference between various editions of the Origin.
The modifications of the elephant example were first pointed out in Peckham's (1959, p. 148) comparative analysis. Dennett (1995, p. 40 ) devotes a footnote to the change. Cronin (1991, p. 271) speaks of 15 million elephants after 500 years commenting that there are revised figures in the 6 th edition of the Origin. Burton (1998, p. 206 ) also recognizes the changes and provides detailed calculations to be discussed later in this paper. In the critical edition of the book, Costa (2011, p. 64 ) raised first some substantial reservations on the general validity of the elephant example, by referring to an anonymous blogger: "the algorithm and the starting assumptions…are something of a mystery". The blogger points out that the sex ratio greatly influences the final result, argues that 15 million after 500 years is correct for 5:1 dominance of the females and suggests that the 6 th edition used only an even proportion of the two sexes.
The Leslie matrix approach
Precise calculation of the elephant example is achieved through the Leslie matrix model Combining these equations into matrix form, we get the following dynamics for females
or, in simpler form Males can be incorporated into the dynamics easily. Survival of a male individual from an age class to the next can be handled similarly as for females. By introducing fecundity m i f , the average number of per capita male offspring born from mothers of age class i the dynamics of males can be decomposed in the following way: 
For sake of simplicity and in line with Darwin's original assumption, we used sexindependent survival rates, but the model introduced above can be extended readily by different survival rates for males and females. When it is assumed that males and females are born to each fertile age class at a constant sex ratio 
Results for Darwin's elephant example
We may assume from all available information summarized above that Darwin's model has years. Burton argued that Darwin might have derived his result using this ratio, but his correspodence confirms that the precise figures resulted from more tedious, detailed calculations based on summing three previous generations before the actual one, as in Fig. 1 .
As said, in Darwin's original setup two types of periods alternate. A 10-years long interval (with a n females in the n th generation) is followed by a 20-years long one (with a' n females) because of the 10 year survival of old mother animals after their last calves. Thus, the two intervals for n ≥ 1 are: is 2a' n-1 (every second value in column 2 of Table 1 , starting with the first row), in the interval of [30(n-1)+10, 30(n-1)+29] is a' n (every second value in column 2 of Table 1, starting with the second row), n > 1. With a more modern mathematical treatment, the general element of the series of the number of elephants can be calculated. In our case, the result is not very instructive, however. In the second (20 years long) interval of the n th generation the number of females (a' n ) is equal to the n th coefficient of the Maclaurin series expansion of the following function (the so-called generating function):
For proof, see Supplementary Material. (Note that there is a quite complex and less instructive closed-form formula for the n th element of the series, see e.g. see Noe et al. undated .) It can be seen that the recursion described by Eq. (3) We note that the sequence 1, 2, 4, 7, 13, 24, 44,… (every second row of Table 1 , starting with row 2) defined by the recursions introduced above is the so-called 'tribonacci series' (for details, see Noe et al. undated) . (In some definitions the first three elements of the tribonacci series are 0, 1, 1 followed by 1, 2, 4, 7,…). This is the generalization of the well-known
Fibonacci series (which is defined by the recursion formula: To analyze the sensitivity of the growth rate to the number of newborns and the order of birth of males and females we computed the number or individuals at 750 th year for a set of different cases. We assumed that all females have six offspring born at the mother's age of 30, 42, 54, 66, 78 and 90; and that the number of female newborns can vary between 1 and 5 with different temporal distribution. As seen in Figure 2 , the size of the population heavily depends not only on the number of female offspring but also on the temporal distribution of females.
For example, in the following two situations when 1) there are two female calves and they are born first (and followed by four males) and 2) there are four female calves but the two males are born first, then population size after 750 years will be roughly the same, see arrows in Fig.   2 . Also, if we forget about the case of single females -which implies no population growththen we can see in Figure 2 that the productivity of different combinations of male-female birthyears will range from around 2000 to 8·10 10 .
As said, in case of one female offspring to each mother the population does not grow, the number of individuals oscillates around a constant value (each red circle in Fig. 2 represents such a constant). The later the female is born, the lower is this constant. In any other case, the population grows exponentially.
Another issue to be examined is to estimate the probability of having around 19 million elephants in the 750 th year. We start from the more realistic condition that each female gives birth to one male and one female calf in each 20-year period of her sexual activity from age 30 to 90, with the assumption that these calves are born at random dates within these short periods. We run the modified Leslie model 10,000 times. The number of cases when population size was between 17.5 and 20.5 million was only 327. That is, Darwin's so-often cited elephant example easily misleads the reader: to have 19 million or so individuals in year 750 is in fact a very unlikely situation, with an estimated probability of 0.033, if we assume weak stochasticity in elephant demography and modify Darwin's scenario accordingly.
Discussion
One of the few numerical examples in the Origin concerns the population growth of elephants in the strictly theoretical sense. It has become widely dispersed in the literature of biology and has been cited in many books written in diverse fields ranging from psychology to ecology. We have shown that relatively slight modifications of the starting conditions can have enormous impact on the final number. We illustrated further that, if the restriction of twins 6 Actually, the two traditionally recognized species of elephant differ quite substantially. Long-term data exist for wild African bush elephants (Loxodonta africana) which allow the estimation of demographic parameters for real populations (Lee et al. 2016) . A female elephant starts reproducing by the age of 13.86, and then gives birth every 5 years to a single calf (one twin birth has been recorded [Moss 2001]) . Their reproductive period lasts until they reach 49 years of age, but they can still live for some more years. The age by which 95% of the females had died was 65 years, and they might live up to 74 years. The sex ratio was 1:1 (Moss 2001) . Demographic data on Asian elephants (Elephas maximus) come from a population of tamed individuals employed in the timber industry in Myanmar (Lahdenperä et al. 2014 ). There, females start reproduction at the age of 19.9, and give birth every 6 years to a single calf. On average an Asian elephant female produces 2.6 (1-11) calves during their life. Their reproductive period lasts until they reach 32.5 years of age. The age by which 95% of the females had died was 57 years, but some individuals can live to up to 80 years.
born 30 years apart is released and calves are allowed to be born more evenly and randomly, The present study reveals that Darwin's original proposal is closely related to some noted mathematical issues. Population size in each of the 20-year long intervals is a tribonacci number, and thus the sequence of these values corresponds to the tribonacci series. It is the first biologically relevant -although hypothetical -example of this series. Its occurrence in the living world has been shown to be fragmentary at best (see Al-Suwaiyel et al. 2006 ). This sequence is an extension of the Fibonacci series whose validity in interpreting plant morphological pattern is widely known (Douady and Couder 1996 , Brousseau 1969 , Niklas 1997 . Interestingly, the great Italian mathematician L. Fibonacci (born Leonardo Pisano Bigollo, c. 1175 -c. 1250) described the series in a context similar to Darwin's elephant example. Fibonacci started with a pair of rabbits, supposed that they mate at the age of one month, and after one more month the female gives birth to another pair, one male and one female. If the rabbits survive for a year, and mixed twins are born every month to every female, then population size at the end of each month will be a number in the Fibonacci series. Thus, mathematical demography has its roots deeply in the Middle Ages and Burton (1998, p. 211) 
II. Characteristic polynomial and generating function of series of Darwin's original model
In this section, we derive the characteristic polynomial and a generating function for the recursion introduced in Eq. (3). (For notational simplicity, in this section we omit primes.)
Let the ratio of two subsequent elements of the series in the limit n→∞ be φ: For sufficiently large n: By using a 0 =a 1 =1, a 2 =2, a 3 =4, after some rearrangement we get
